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Thermal noise can facilitate energy conversion by a ratchet system

Fumiko Takagi* and Tsuyoshi Hondou†

Department of Physics, Tohoku University, Sendai 980-8578, Japan
~Received 26 March 1999!

Molecular motors in biological systems are expected to use ambient fluctuation. In a recent paper@Phys.
Rev. Lett.80, 5251 ~1998!#, it was shown that the following question was unanswered: Can thermal noise
facilitate energy conversion by ratchet system? We consider it using stochastic energetics, and show that there
exist systems where thermal noise helps the energy conversion.@S1063-651X~99!01110-1#

PACS number~s!: 05.40.Ca, 87.10.1e
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Molecular motors in biological systems are known to o
erate efficiently@1–4#. They convert molecular scale chem
cal energy into macroscopic mechanical work with high
ficiency in water at room temperature, where the effect
thermal fluctuation is unavoidable. These experimental fa
lead us to anticipate the existence of the system where t
mal noise helps motor operation. Determining the mec
nism of these motors is useful not only in biology but also
statistical and thermal physics.

Recently inspired by observations of the molecular m
tors, many studies have been performed from the viewp
of statistical physics. Much has been studied in ratchet m
els @5–7# to determine how the directed motion emerges
of nonequilibrium fluctuation. One of the best known wor
among these ratchet models was by Magnasco@8#. He stud-
ied the ‘‘forced thermal ratchet,’’ and claimed that ‘‘there
a region of the operating regime where the efficiency is
timized at finite temperatures.’’ His claim is interesting b
cause thermal noise is known to usually disturb the opera
of machines. However, it was recently revealed that t
claim was made incorrectly@9#, because it was not based o
analysis of the energetic efficiency but only on that of t
probability current, as most of the studies of ratchet syste
were. The insufficient analysis was attributed to the lack
systematic methods of studying energetics in systems
scribed by the Langevin equation. Recently, a method ca
stochastic energetics was formalized, where the heat was
scribed quantitatively in the framework of the Langev
equation@10#. Using this method, some attempts to discu
the energetics of these systems@11–14# have been made
Through the energetic formulation of the forced therm
ratchet@9# using this stochastic energetics, the following w
shown: The behavior of the probability current is quali
tively different from that of energetic efficiency. Therm
noise doesnot contribute to energy conversion by the ratc
eting, at least under the conditions in which the claim w
made.

Therefore, it was revealed that the following question h
not yet been answered: Can thermal noise facilitate opera
of the ratchet? In this paper, we will show that thermal no
certainly can facilitate the operation of the ratchet.
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Let us consider an overdamped particle in an ‘‘oscillati
ratchet,’’ where the amplitude of the one-dimensional~1D!
ratchet potential is constant, but the degree of symme
breaking oscillates at frequencyv ~Fig. 1!. The Langevin
equation is as follows:

dx

dt
52

]V~x,t !

]x
1j~ t !, ~1!

V~x,t !5Vp~x,t !1 lx, ~2!

wherex, l, andVp(x,t) represent the state of the system, t
load, and the ratchet potential, respectively~Fig. 2!. The
white and Gaussian random forcesj(t) satisfy ^j(t)&50
and^j(t)j(t8)&52ed(t2t8), where the angular brackets^ &
denote the ensemble average. We use the unitm5g51. We
assume that the potentialV(x,t) always has basins and thu
a particle cannot move over the potential peak without th
mal noise. The ratchetVp(x,t) is assumed to satisfy the tem
porally and spatially periodic conditions

Vp~x,t1T!5Vp~x,t !, ~3!

Vp~x1L,t !5Vp~x,t !, ~4!

where L is a spatial period of the ratchet potential, a
T([2p/v) is a temporal period of the potential modulatio
Through potential modulation, energy is introduced into t
system and the system converts it into work against the l
@15#.

FIG. 1. Oscillating ratchet potentialVp(x,t). The ratchet poten-
tial changes continuously between solid line and broken line w
the time periodT. The amplitude of the ratchet keeps constant,V0 .
4954 © 1999 The American Physical Society
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The Fokker-Planck equation@16# corresponding to Eq.~1!
is written

]P~x,t !

]t
52

]J~x,t !

]x
,

52
]

]x S 2
]V~x,t !

]x
P~x,t ! D1e

]2P~x,t !

]x2 , ~5!

where P(x,t) and J(x,t) are a probability density and
probability current, respectively. We apply the period
boundary conditions onP(x,t) andJ(x,t),

P~x1L,t !5P~x,t !, ~6!

J~x1L,t !5J~x,t !, ~7!

whereP(x,t) is normalized in the spatial periodL. Except
for transient time,P(x,t) and J(x,t) satisfy the temporally
periodic conditions

P~x,t1T!5P~x,t !, ~8!

J~x,t1T!5J~x,t !. ~9!

According to the stochastic energetics@10#, the heatQ̃
released to the heat bath during the periodT is given as

Q̃5E
x~0!

x~T!H 2S 2
dx~ t !

dt
1j~ t ! D J dx~ t !. ~10!

Inserting Eq.~1! into Eq. ~10!, we obtain the energy balanc
equation

Q̃5E
0

T ]V„x~ t !,t…

]t
dt2E

V~0!

V~T!

dV„x~ t !,t…. ~11!

The first term on the right-hand side is the energyEiñ that the
system obtains through the potential modulation, and the

ond term,*V(0)
V(T)dV„x(t),t…, is the workW̃ that the system

extracts from the input energyEiñ during the periodT. The

ensemble average ofW̃ is given using Eqs.~2!, ~3!, and~8!
as

FIG. 2. Snapshot of the potentialV(x,t) ~solid line!. The broken
line represents the load termlx.
c-

^W̃&5K E
V~0!

V~T!

dV„x~ t !,t…L 5 l E
0

T

dtE
0

L

dxJ~x,t ![W,

~12!

whereW represents the work against the load. Also, us
Eqs. ~2!, ~5!, and the periodic conditions@Eqs. ~3!, ~4!, ~7!,
and ~8!#, the ensemble average ofEin is given as

^Eiñ&5K E
0

T ]V„x~ t !,t…

]t
dtL

5E
0

T

dtE
0

L

dxS 2
]Vp~x,t !

]x D J~x,t ![Ein . ~13!

Therefore, we obtain the efficiencyh of the energy conver-
sion from the input energyEin into the workW as follows:

h5
W

Ein
5

l *0
Tdt*0

LdxJ~x,t !

*0
Tdt*0

Ldx$2@]Vp~x,t !#/]x%J~x,t !
. ~14!

This expression can be estimated simply by solving
Fokker-Planck equation@Eq. ~5!#.

We solve Eq.~5! numerically with the following ratchet
potential as an example. It satisfies Eqs.~3!, ~4!, and the
condition that the degree of the asymmetry oscillates but
amplitude of the ratchet is constant. It will turn out that t
result does not depend on the detailed shape of the poten
The ratchet potential is

Vp~x,t !5
1

2
V0XsinH 2px

L
1A~ t !sin

3F2px

L
1C1 sinS 2px

L D G J 11C, ~15!

whereA(t)5C21C3 sin(vt) andV0 , C1 , C2 , C3 are con-
stant.

The results are shown in Fig. 3. We find that the e
ciency is maximized at finite intensity of thermal noise@Fig.
3~a!#. This shows that thermal noise can certainly facilita
the energy conversion. What is the reason for the behavio
the efficiencyh? Let us regard the workW and the input
energyEin as a function of the intensity of thermal nois
The workW, the numerator of Eq.~14!, has a peak at finite
intensity of thermal noise@Fig. 3~b!# because of the
stochastic-resonance-like behavior of the flow during the
riod T, J̄[*0

Tdt*0
LdxJ. In the absence of thermal noise (e

50), the particle cannot move over the potential pe
~which results inJ̄50!. As the intensity of thermal noise
increases, the effect of nonequilibility emerges and it indu
finite asymmetric flow against the load through the asymm
try of the ratchet. When thermal noise is large enoughe
→`), the flow against load is no longer positive, becau
the effect of the ratchet disappears in this limit. Therefo
the flow, and also the work, behave like Fig. 3~b! as a func-
tion of thermal noise intensity. The input energyEin , the
denominator of Eq.~14!, remains finite at the limite→0
@Fig. 3~c!#, where all input energy dissipates because the
cillation of the local potential minimum makes finite loc
current even in the absence of thermal noise. Therefore,
efficiency begins withh50 at e50 and increases as th
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4956 PRE 60BRIEF REPORTS
intensity of thermal noise increases, then disappears ae
→`. The efficiency has its peak at finitee.

As we have stated above, noise-induced flow and fin
dissipation in the absence of thermal noise are the caus
the noise-induced energy conversion. Thus our finding w
not depend on the detail of the shape ofVp(x,t). We expect
that thermal noise can facilitate the energy conversion i
variety of ratchet systems.

Finally, we discuss the forced thermal ratchet@8#. The
forced thermal ratchet is a system where a dissipative
ticle in a ratchet is subjected to both zero-mean exte
force and thermal noise. The previous paper@9# presented the
first trial that discussed the energetics in the ratchet. For
analytical estimate, the discussion in that paper was only
the quasistatic limit where the change of the external forc
slow enough. In that case, thermal noise cannot facili
operation of the ratchet. The energetic efficiency is a mo
tonically decreasing function of thermal noise intensity,
contrast to the oscillating ratchet discussed above. Howe
one can see that the external force of the forced ther
ratchet can also be written by an oscillatory modulating
tential, when the external force is periodic as in the literat
@8,9#. It is likely that the difference between the two cas
the oscillating ratchet and the forced thermal ratchet d
cussed in that paper@9#, is attributable to the different con
ditions of the two systems, namely, one is quasistatic and
other is not. Thus, we suppose that thermal noise may fa
tate the energy conversion in the forced thermal ratchet w
the ratchet is not quasistatic.

The Langevin equation of the forced thermal ratchet is
same as Eq.~1!, except for the potentialV. In this case, the
potential is

V~x,t !5Vp~x!1 lx2Fex~ t !x, ~16!

FIG. 3. Energetic efficiency,h5W/Ein , of the oscillating
ratchet system as a function of thermal noise intensity, wh
V0 /vL250.01, l /vL50.00002,C150.3, C250.3, andC350.3.
~a! Efficiency h, ~b! work W, and~c! input energyEin .
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whereVp(x), l, andFex represent the ratchet potential, loa
and an external force, respectively. The periodic exter
force Fex(t) satisfiesFex(t1T)5Fex(t) and *0

TdtFex(t)50
@17#. The work W is the same as Eq.~13!, and the input
energyEin is

Ein5E
0

T

dtE
0

L

dxFex~ t !J~x,t !. ~17!

In the quasistatic limit@9#, the probability currentJ does not
depend on the coordinatex. Thus, when the current over th
potential peak~that causesW! vanishes, the local curren
vanishes everywhere@J(x,t)5J(t)50#. However, if the
system is not quasistatic, the behavior changes qualitati
~Fig. 4!. In this case, even when the current over the pot
tial peak vanishes ate50, the local current around the loca
potential minimum still remains finite. Thus there exists
nite energy dissipation even in the limite→0, which means
that the input energyEin still remains a finite value at this
limit @Fig. 4~c!#. Therefore, the efficiency is found to be ze
at e50, and has a peak at finitee @Fig. 4~a!#. The result is the
same as that of the oscillating ratchet. It must be noted
the energetics can distinguish the behavior of the efficie
in the nonquasistatic case from that in the quasistatic c
although the dependences of the flowJ̄ are the same in both

We have discussed energetics of the ratchet system u
the method of the stochastic energetics, and estimated
efficiency of energy conversion. We found that thermal no
can facilitate the operation of the ratchet system. The mec
nism was briefly summarized as follows. Through t
ratchet, potential modulation causes noise-induced fl
against the load that results in the work. On the other ha
potential modulation with finite speed causes a local curr
around the local potential minimum that causes finite dis

FIG. 4. Energetic efficiency,h5W/Ein , of the forced thermal
ratchet as a function of thermal noise intensity, whereV0 /vL2

51.0, l /vL50.001, anduFexumax/vL51.0. ~a! Efficiency h, ~b!
work W, and~c! input energyEin .
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pation even in the absence of thermal noise. Thus the
ciency is maximized at finite intensity of thermal noise. T
result must be robust and independent of the detail of
potential because only two factors are essential for the
ergy conversion activated by thermal noise: one is the no
induced flow, and the other is the finite dissipation in t
absence of thermal noise. Also in the two-state model@7#,
another type of ratchet system, it was reported quite rece
that the efficiency could be maximized at finite temperat
,
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@18#. Whether and how the real molecular motors use th
mal noise is a subject for future experimentation.
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Grant-in-Aid for Science Research Fund from the Minis
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